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1. INTRODUCTION 
In the last few years the theory of multivalued differential equations 
k EF(X), (*) 
where, for each x E E*, F(x) is a nonempty compact convex subset of En, 
has been the object of many investigations [2-81. Equation (*) arises in 
problems of control and optimization. In practical applications, one could 
ask whether a given solution of (*) is sensitive under the effect of small 
perturbations of the field F(x). Problems of this type have been studied, from 
the axiomatic approach of topological dynamics, by Roxin [6, 71 and by 
Szegii and Treccani [8]. More recently, a different technique, more analytical 
in character, has been introduced for the same problem by Lasota and 
Strauss [4]. 
The aim of the present paper is to extend part of the results of [4] to the 
case of a multivalued difference equation 
h(t) E F(x(t - l)), Ax(t) = x(t) - x(t - l), VW 
where, for each x E En, F(x) is a nonempty compact subset of En and F is 
uppersemicontinuous (see Section 2). The interest in such equation is due 
to the fact that it is the discrete analogue of the multivalued differential 
equation (*). Moreover, equations of the form (M) give rise in a natural way 
to discrete dynamical systems without uniqueness, which, as it has been shown 
by Szegii and Treccani [9], have applications to problems of minimization 
algorithms. Linear problems for Eq. (M) h ave been studied by Denkowski [ 11. 
* This paper was written while both authors were at the University of Warwick, 
Coventry, England, with the financial assistance of a N.A.T.O. fellowship. 
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Among the results that we shall prove we mention the following two, the 
first a global, the second a local one: 
(a) Let the origin be globally attractive for (M) and F be upper- 
semicontinuous and homogeneous (see Section 2). Then the origin is globally 
exponentially stable for 
dx(t)~F(~(t - 1)) + &(I x(t - 1)1), 
where a > 0 is sufficiently small and B(r) denotes the closed ball with center 0 
and radius I 2 0. 
(b) Assume that the origin is globally attractive for (M), F is upper- 
semicontinuous and homogeneous and, in a neighborhood of the origin, 
11 G(x)11 = o(I x I) (see Section 2), w h ere G is uppersemicontinuous and G(x), 
x E En, is a nonempty compact subset of En. Then the origin is exponentially 
stable for 
Ax(t) eF(x(t - 1)) + G(x(t - 1)). 
To prove these results we establish a number of theorems which may be 
of some interest in themselves. Their application to singlevalued equations 
of the form 
Ax(t) =f(x(t - I)), (S) 
wheref: En -+ En is continuous, are stated as corollaries. Of these we mention 
only the following: 
(c) If the origin is globally attractive for the above equation, wheref is 
continuous and homogeneous, and if g: E n + En is continuous and such that 
I &)I = 4 x I), h t en i is exponentially stable for t 
dx(t) = f(4 - 1)) + g(x(t - 1)). 
Concerning the method of the proofs, we note that some of them are the 
discrete analogue of corresponding ones devised by Lasota and Strauss [4] for 
the continuous case (Eq. (*)). Some others are apparently different. In our 
paper, as in [4], the hypotheses of homogeneity and uppersemicontinuity of 
the field F play a basic role, with the difference that F(x), x E En, will be 
assumed here to be a nonempty compact subset of En without the further 
requirement, which is used in [4], that F(x) be also convex. This relaxation is 
made possible by the fact that the existence theory for Eq. (M) and a certain 
property of compactness of a set of solutions of(M) (see Theorem 1) do not 
depend on the hypothesis of convexity on F, as they do in the case of multi- 
valued differential equations. 
The contents of the paper are the following. In Section 2 we introduce 
notation and definitions. In Section 3 we prove a theorem concerning the 
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closedness of a set of solutions of(M) and we apply it to show that the set of 
attainability of (M) is compact. The last two sections contain the main 
results on the stability of (M). Namely, Section 4 contains theorems on the 
boundedness and stability and Section 5 theorems on the exponential stability 
of multivalued difference equations approximating (M). Some theorems are 
illustrated by examples. 
2. NOTATION AND DEFINITIONS 
Denote by: Nt, = {to , t,, + l,...} where t, is any natural number or zero; 
En the n-dimensional real Euclidean space with norm 1 x 1 = Cy=, 1 xi I, 
x = (Xl , x, ,...) x,); B(Y), (B(Y)) the open (closed) ball of center 0 E En and 
radius Y > 0 (Y >, 0); 11 A II = sup{/ x : x E A}, where A is a nonempty and I 
bounded subset of En; Kn the family of all nonempty compact subsets of En. 
In Km addition and multiplication by nonnegative scalars are defined by 
A+B ={x+y:x~A,y~B},hA =(Xx:xEA}.NotethatA+Band/\A 
are in Km. Furthermore, we have 
A + (01 = A W = W, O,..., ON), (~+p)AC~+CLA, 
1A = A, (A + p)A = L4 + pA, if A is convex, 
A+B=B+A, X(A + B) = hA + hB, 
A + (B + C) = (A + B) + C, G4 = h44 
where A, B, C E K” and h, TV > 0. 
DEFINITION 1. Let F: En + Kn. We say that F is uppersemicontinuous if, 
for each x E En and each E > 0, there exists a 8(x, c) > 0 such that 
1 x - y 1 < 8(x, e) implies F(y) CF(x) + B(E). 
We shall denote by @ the family of all uppersemicontinuous functions 
F:E”-+K”. 
DEFINITION 2. Let F E 0. We say that F is homogeneous if F(h) = W(x) 
for all x E E” and X 3 0. 
The subfamily of @ consisting of all homogeneous functions F: En + Kfl 
will be denoted by x. 
DEFINITION 3. Let t,, EN, , x,, E En. A function x: Nt, -+ En is called 
solution of (M) if x(ta) = x0 and x(t) satisfies (M) for all t E N,,+r . 
DEFINITION 4. Let t,, E N, and let Q be a nonempty subset of En. For any 
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t E Nt, , the set R(t, t, , Q) consisting of all points y E En such that there 
exists an x,, EQ and a solution x(t) of (M) with the properties x(t,,) = x0 and 
x(t) = y, will be called the set of attainability of(M) (at time t). 
Note that, for any t, E N,, and x0 E En, (M) has at least one solution x(t), 
with x(t,,) k x,, ; therefore, for any Q # ,@ and t E Nt, , R(t, t, , Q) is 
nonempty. Contrary to the case of the single valued difference equations (S), 
for any initial point x,, E En, Eq. (M) can have more than one solution x(t) 
with x(t,) = x0 . 
Assume F(0) = (0). Th is implies that x(t) = 0 (briefly the origin) is 
solution of (M). 
DEFINITION 5. The origin is said to be stable for (M) if, for every E > 0, 
there exists a 8(e) > 0 such that, for any to E N,, and any solution x(t) of(M), 
implies I x(t)1 < 6 for all t E Nt, . 
DEFINITION 6. The origin is said to be attractive for (M) if there exists 
a 6 > 0 such that, for any t, E N,, and any solution x(t) of (M), 
I XM < 6 implies jirir 1 x(t)/ = 0. 
If 6 = cc the origin is said to be globally attractive for (M). 
DEFINITION 7. The origin is said to be exponentially stable for (M) if 
there exists a 6 > 0 such that, for any t, EN,, and any solution x(t) of (M), 
I xW,l < i3 implies 1 x(t)1 < a 1 x(t& p--to), tENto, 
where a > 1, p > 1 and b > 0. If 6 = cc the origin is said to be globally 
exponentially stable for (M). 
3. CLOSEDNBSS OF A SET OF SOLUTIONS OF (M) 
The following theorem says that any infinite sequence of solutions of a 
multivalued difference equation, with initial points in a compact set, contains 
a subsequence which converges coordinatewise to a function which is still 
a solution of the same equation. 
THEOREM 1. LetF E @, Q E Kn. Let {xn(t)} be an injnite sequence of solutions 
of(M) with ~~(0) E Q. Then there exists a subsequence {yk(t)} of {xk(t)} such that 
yk(t) + y(t) coordinatewise, where y(t) is a solution of(M) with y(0) E Q. 
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Proof. By hypothesis the functions xk(t) are solutions of (M) with 
~~(0) E Q. We shall construct the subsequences of {am}, 
each of which is a subsequence of the preceding one, such that the first 
converges, say to x0, for t = 0, the second to x1 , for t = 1, the ith to xi , 
for t = i. This construction is certainly possible for the first subsequence, 
since (~~(0)) is contained in the compact set Q. Assume that the construction 
has been carried out for s = 0, l,..., i - 1. So, by hypothesis, we have 
xi-UC(t) E xdt - 1) + F(X&4k(t - 1)) (1) 
and lim,,, xi-&i - 1) = ximl . Since F is uppersemicontinuous, the second 
member of (1) is contained in some compact set, and, therefore, there exist 
a point xi and a subsequence {xilc(t)> C (x&t)}, such that lim,,, xik(i) = xi . 
This proves the claim. Consider now the diagonal sequence (yi(t)>, 
yi(t) = xi i+l(t), t t5 N, . Clearly, for any t E iV, , 
So, to conclude the proof, we have only to show that the function defined by 
r(t) = Xt 9 t E N, , is solution of (M), with initial value y(0) E Q. In fact 
y(0) = x0 EQ. Moreover, from 
riW E ydt - 1) + %(t - l)), 
keeping t fixed and letting i--t 03, we have 
At> EY@ - 1) +F(Y(t - l)), 
because F is uppersemicontinuous and F(y(t - 1)) is compact. This completes 
the proof. 
Remark. The preceding theorem holds for the equation (M) without the 
assumption of convexity on F(x), which is necessary in the case of a multi- 
valued differential equation. 
Using Theorem 1, we shall prove that the set of attainability of (M) is 
compact. 
THEOREM 2. For any to E N, andQ E K”, tke set of attainability R(t, t,, , Q) 
of(M) is non-empty and compact for any t E Nt 0. 
Proof. As it was pointed out before, R(t, t,, , Q) # ~zr, t E Nt, . Since F is 
uppersemicontinuous and Q is compact, R(t,, + 1, t, , Q) is bounded. By the 
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same reason, if A(t, t, , Q) is bounded also R(t + 1, t,, , Q) has the same 
property. It remains to show that, for any fixed t E Nt, , R(t, I,, Q) is closed. 
Let {+(t)} be a sequence of solutions of (M), with x~(&,) EQ, and suppose 
that, at the time t, xk(t) --f x*. By Theorem 1, there exist a subsequence 
-lYkWl of be(t)> d an a solution y(t) of (M) with y(t,,) EQ such that, at the 
given time t, we have ylc(t) --y(t). So y(t) = x* and R(t, t, , Q) is closed. 
Since R(t, t, , Q) is a bounded and closed subset of En, it is compact. 
Remark. Theorems 1 and 2 have been proved for autonomous multivalued 
difference equations. However, from the proofs, it appears that the conclusions 
of both theorems are true also in the case of a nonautonomous multivalued 
difference equation 
Ax(t) EF(t, x(t - l)), F: Nt, x E”+Kn, 
where, for any t E Nt, , F(t, X) is uppersemicontinuous as a function of X. 
4. BOUNDEDNESS AND STABILITY 
In this section we shall prove two perturbation theorems. Of these, the 
first will refer to boundedness and the second to stability of solutions of 
multivalued difference equations approximating (M). We start with the 
following two lemmas which show that @ and x are closed under certain 
kinds of finite and infinite operations. 
LEMMA 1. LetF, , F, ,..., Fh be functions in @ (resp. in x). Then the functions 
defined by CfLFdx), Ut,Fd x , x E E”, are in @ (resp. in x). Moreover, if ) 
F E @ (resp. x), also the function definedfor each x E En by &La,al l F(x), a < b, 
is in @ (resp. in x). 
Proof. The statements are an immediate consequence of the definitions. 
LEMMA 2. Let {Fk} be an infinite sequence of functions in @ (rtp. in x) 
such that F,+,(x) CF,(x), x E E*, k = 1, 2 ,... . Define F(x) = &+F,(x). 
Then F E @ (resp. F E x). 
Proof. For any x E E a, F(x) is nonempty. In fact let (pk) be a sequence 
such that p, E F,(x). Since {plc} C Fl( x w ic is a compact set, there exists ), h h 
a subsequence {pi& of {pk} which is convergent, pltk) +p. Then p E F,(X) 
for any k E Nr since certainly {pi(h))& C F,(x). This proves that F(X) # O, 
x E En. It is obvious that F(x) E IP since it is a nonempty intersection of 
compact sets, Suppose now that F is not uppersemicontinuous. Then there 
exist a point x E En, E > 0 and a sequence (xh) C En such that x, -+ x and 
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F(G) QF(x) + W). Th is implies the existence of a sequence {yh} such that 
Yh EF(Xh)\(@) + B(E))- 
Since yk EFJxJ and Fl is uppersemicontinuous, (yh) is bounded and, 
therefore, passing to a suitable subsequence, if necessary, we can assume that 
yh -+ y. It is clear that 
Y 4FW + WW (2) 
On the other hand, F,,,(x) C F&r) and F(x) = flr=r F,(x) imply the existence 
of a k E Nr such that 
F&) CF(x) + W4). (3) 
Moreover, by virtue of the uppersemicontinuity ofF, , we get, for all h E N,(,) 
with m(c) sufficiently large, 
F&J CF&) + W/4). (4) 
Combining (3) and (4) we find 
F&d CF(4 + W4, h E Nm(,) , 
and a fortiori, since yh E F(a+J C F&$, 
{Y&L(~) C F(x) + B(+), 
which implies that y belongs to the closure of F(x) + B(E/~), in contradiction 
to (2). This completes the proof that FE @. Finally, since an infinite inter- 
section of homogeneous functions is homogeneous, if Fk E x, k = 1,2,..., 
then FE x. 
Consider the multivalued difference equations 
where Fk E @, k = I,2 ,... . We are going to prove a perturbation theorem 
for Eq. (M). The idea is that, if solutions of (M) approach zero as t -+ co, 
then solutions of certain approximating equations (Mk) are bounded. The 
proof is the discrete analogue of one which has been devised by Lasota and 
Strauss [4] for multivalued differential equations. 
THEOREM 3. Suppose that 
(i) {Fk} is an injnite sequence of functions in @ sub that F,+,(x) C F&v) 
fw all x E En, k E Nl , and define F(x) = nTw, F*(x), x E Em; 
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(ii) Q is a compact subset of En containing the origin as an interior point; 
(iii) all solutions x(t) of (M), with x(0) E Q, approach zero as t -+ 00. 
Then there exist KEN, andL > IlQl\ such that ewery solution x(t) of (Mk), 
with x(0) E Q, satisjies 
I x(t)1 < L tENO. 
Proof. We shall prove the theorem by reduction ad absurdum. Assume 
the statement to be not true. This implies that, for any K E N1 , there exists 
a solution x(t) of (Mk) such that 
~(0) E Q and I x(t)l 2 h + II Q II for some t E Nr . 
For every equation (Mk) we denote by xk(t) any of its solutions, which 
certainly exists, and has the following two properties: 
(a,) lx&)l <~+llQll,t =O, L..., Tk-- 1,andIxPdI >,~+IIQII; 
(a,) for any other solution x(t) of the same Eq. (Mk), with x(0) E Q, 
we have 1 x(t)/ < k + 11 Q (I, t = 0, I,..., p, p > Tk - 1. 
In other words, x,(t) is chosen to be a solution of (Mk) (in general not 
unique) such that no other solution of (Mk) leaves B(k + 11 Q 11) at a time 
earlier than Tk . Consider now {xk(t)} and the corresponding sequence {Tk}. 
Firstly we prove that 
and 
TI < T, < ... < Tk < .*a (5) 
Tk+ co. (6) 
To show (5) we observe that xk(t) is solution of (M,-,), and, therefore, 
I x&)l < k - 1 + II 8 IL t = 0, l,..., T,+, - 1, 
which, by the definition of xk(t), yields Tk >, TkeI . If (6) is not true there 
exists some h E Nr such that T = Ti for all i E Nh and, by the definition of 
xi(t), 
I x&Y 2 i + II Q IL iENJ&. 
As all xi(t), i E Nh , are solutions of (A.?,), the previous inequality implies 
that the set of attainability R(T, 0, Q) of (MA) is unbounded, in contradiction 
to Theorem 2. Because of (5) and (6) th ere exists a subsequence (TV& of (5) 
such that 
1 < T,(,, < TD(z) < *.. < T,(t) < ***, T,(k) -+ ~0. 
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By hypothesis (ii), Q contains a ball B(Y), Y > 0. Let us consider the sub- 
sequence hh)(tN of j~dt)~. W e want to show that, for any R E Ni , we have 
I WCM > r if t = 1, 2 ,..., TDck,(k) - 1. (7) 
In the contrary case there exists an integer t$,, , 1 < t&,, < T,(,) - 1, such 
that 1 ~~(~)(t$,,)l < t. Definey(t) = ~~~~~(t~,,~ + t) and observe thaty(0) EQ 
and r(t) is a solution of (MPo.). Then, from (a.J, 
I YW < ~(4 + II Q II 
Therefore, we have 
for any t = 0, l,..., TDcK) - 1. 
which contradicts the definition of x,(,)(t), because 1 < TPtK) - t&., < 
TPtk) - 1. With the help of (7), we can find the desired contradiction. To this 
end we observe that each function I,, i E Ni , is solution of (M,(,,). Let 
(zc&t)}, (p(k)) a subsequence of (p(K)}, be the subsequence of Theorem 1 
such that coordinatewise, flu.. +x(t), where x(t) is solution of (M,(,)) 
with x(0) E Q. Since all x&t), i E Nk , are solutions of (n/ip& the same 
theorem yields that x(t) is solution of (Mptk)) too. Therefore, 
W) ~~d7cM - 1)) 
from which, letting K + co, we find that x(t) is solution of (M) with X(O) E Q. 
Then, by hypothesis (iii), there exists ri E A$ such that 
I w < r/2, t = t, , t, + I,... . 
Denote by t, an integer, t, > t, . Since Tpfk) + co, there exists K, E iV1 such 
that T,tk) > tz , K E Nkl . Then, on the nonempty set {tl , tl + l,..., te>, 
c%cdwLc, converges uniformly to x(t), and, therefore, if k is sufficiently 
large, h 2 h, >, hl , we have 
I %&)I < 42, t E @I , tl + L-v tz}. 03) 
On the other hand, from (7), 
I %(k~(~)l > r> t E (1, 2 ,..., t, ,..., Tptk) - 1). (9) 
So, if K > k, , (8) and (9) yield the desired contradiction, since Tq(+.. - 1 > 
t, > tl > 1. This completes the proof of the theorem. 
COROLLARY 1. If hypotheses (i) and (ii) of Theorem 3 are satis$ed and the 
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origin is globally attractive for all solutions x(t) of (M), with initial points 
x(0) EQ, then there exist h E NI andL 3 11 Q 11 such that the set of attainability 
&(t, 0, Q) of (Mk) satis$es the inequality 
II R& 0, Q)ll < 4 kENh, tENO. 
COROLLARY 2. Let F, G E 0 and suppose that hypotheses (ii) and (iii) of 
Theorem 3 are satisfied. Then there exist l 1 > 0 and L > 11 Q 11 such that every 
solution x(t) of 
Ax(t) EF(x(t - 1)) + EG(x(t - l)), 0 < E < l l , (10) 
with x(0) EQ, satisfies 1 x(t)/ < L, t E N, . 
Proof. For any k E NI , define 
F&4 = F(x) + u EG(x>, XEE*. (11) 
rqo.llk] 
From Lemma 1, Fk E @. Since Fk+I(x) CF,(x) and nr-IF,(x) = F(x), 
hypothesis (i) of Theorem 3 is fulfilled. From the same theorem there exist 
k E N1 and L > ]I Q 11 such that every solution x(t) of (Mk), where Fk is given 
by (1 l), with x(0) E Q, satisfies 1 x(t)] < L, t E No . In particular this inequality 
is satisfied by all solutions x(t) of (lo), where 0 < E < l/k = pi, with 
x(0) E Q, because Fk(x) r) F(x) + cG(x). 
COROLLARY 3. Let f: E” + En, g: En + En be continuous functions and 
denote by Q C En a compact set containing the origin as an interior point. Then, 
if all solutions x(t) of (S), with x(0) E Q, approach zero as t -+ 00, there exist 
e1 > 0 and L > 11 Q 11 such that every solution x(t) of 
W) = f(x(t - 1)) + &(t - l)), 0 < 6 <El, 
with x(0) EQ, satis$es 1 x(t)1 < L, t E No . 
We give an example in which all hypotheses of Theorem 3 are fulfilled. 
EXAMPLE 1. Consider the following scalar equations 
Ax(t) E [-x(t - l), ( sin x(t - 1)1 - X(t - l)], 
Ax(t) E [-x(t - l), I sin x(t - l)] - x(t - 1) + l/k], 
where k E NI . Clearly hypothesis (i) of Theorem 3 is satisfied. Moreover, 
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if we take Q = [-~/4,7r/4] and denote by x(t) any solution of the first of the 
above equations with x(O) E Q, we have 
0 < x(t) < sin sin a** sin r/4 (t times), 
which shows that x(t) -+ 0 as t -+ co. 
If the origin is not an interior point of Q, then the conclusion of Theorem 3 
may fail to be true as it is shown in the following. 
EXAMPLE 2. The difference equation in E2 
Ax(t) = Ax(t - l), A = (:, 2)’ 40 = (g)> (12) 
has solutions x(t) = (2%,(O), 2-%,(O)), t EN, . Let Q = {(x1, x2): xl = 0, 
-1 < x2 < l}. Then all solutions x(t) of (12), with x(O) E Q, approach zero 
as t -+ co. However, the same is not true for all solutions x(t) of 
Ax(t) E Ax(t - 1) + 2&(l), E > 0, (13) 
with x(O) EQ, since, for instance, x(t) = (2(2t - l)~, 2%a(O)) is an un- 
bounded solution of 
Ax(t) = Ax(t - 1) + 2E (3 (14) 
and a fortiori of (13). Note also that, for any initial point (x,(O), x2(O)) E E2, 
(13) has some unbounded solution, namely those of (12), if x,(O) # 0, and 
those of (14), if x,(O) = 0. 
A sharper result can be obtained if in Theorem 3 the functions Fk are 
assumed to be also homogeneous, i.e., Fk E: x. In fact the following theorem 
shows that, if each F2 E x and any solution x(t) of (M), with x(O) E E*, 
approaches zero, then the origin is stable for some equation (Mk). 
THEOREM 4. Suppose that 
(i) {Fk} is an infkite sequence of functions in x such that F,++Jx) C F,(x) 
for all x E En, k E IV1 , and define F(x) = nz,, F&v), x E En; 
(ii) all solutions x(t) of(M), with x(O) E En, approach zero as t -+ co. 
Then there exist K E A$ and L > 1, such that every solution x(t) of (Mk), with 
x(0) E En, satisfies 
I ml <L I x(O)l, teiv,. 
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Proof. Taking Q = B(1) all the hypotheses of Theorem 3 are satisfied. 
So there exist k E Nr and L 3 1 such that, for any solution r(t) of (Mk), 
if y(0) E B(1) we have 1 r(t)/ < L, tENO. (15) 
Let x(t) be any solution of (Mk) with x(0) E En, x(O) # 0, and define 
r(t) = I 4w’ x(t), tEN,. (16) 
Since Ax(t) EFk(x(t - 1)) we get 
dy(t) = 1 x(O)]-I Ax E 1 x(0)1-lF,(x(t - 1)) = F,(y(t - 1)). 
Then y(t) is solution of (Mk) with y(O) E B(1) and, by virtue of (15), we have 
1 y(t)1 <L, t E N,, , which, because of (16), is equivalent to 1 x(t)1 <L 1 x(O)1 
for all t E Ns . Now suppose x(0) = 0. Since Fk is homogeneous, F,(O) = (0}, 
and, therefore, the unique solution of (M k ) , with x(0) = 0, is x(t) = 0. This 
completes the proof of the theorem. 
COROLLARY 4. If hypothesis (i) of Theorem 4 holds and the origin is globally 
attractive for (M), then there exists an h E NI such that the origin is stable for 
ewery equution (Mk), with k E Nh . Moreover, there exists a constant L > 1 such 
that, ifQ E K”, the set of attainability Rk(t, 0, Q) of (Mk) satisjes 
II && 0, &II G L II Q IL KEN,,, tEN,,. 
COROLLARY 5. Let F, GE x. Let hypothesis (ii) of Theorem 4 be satisfied. 
Then there exist e1 > 0 andL >, 1 such that any solution x(t), with x(0) E Em, of 
Ax(t) EF(x(t - 1)) + EG(x(t - l)), 0 GE <El, 
satisfies [ x(t)1 G L I x(O)], t E N,. 
Proof. Define the functions Fk as in (11). From Lemma 1 Fk E x. So 
hypothesis (i) of Theorem 4 is satisfied and Theorem 4 applies. The con- 
clusion of the proof is as in Corollary 2. 
COROLLARK 6. Let f: En + E0 and g: En + E* be continuous and honw- 
geneous. Then, ifall solutions x(t) of(S), with x(0) E En, approach zero as t -+ 00, 
there exists <I > 0 and L > 1 such that every solution x(t) of 
&t) = f (x(t - 1)) + @x(t - I)), 0 ,(c <El, 
with x(0) E En, satis$es 1 x(t)1 <L j x(0)1, t EN,, . 
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EXAMPLE 3. Consider the following equations in En 
Ax(t) E -x(t - 1) + B(I x(t - 1)1/2), (17) 
Ax(t) E -x(t - 1) + B(I x(t - l)I(K + 2)/B), KEN,. (17d 
Then hypothesis (i) of Theorem 4 is satisfied and also (ii), since (17) is 
equivalent to 1 x(t)\ < 1 x(t - 1)(/2. M oreover, writing (17k) in the equivalent 
form I x(t)\ < 1 x(t - l)I(k + 2)/2k, we find that, for k = 2, the origin is 
stable for (17,), namely 1 x(t)1 < 1 x(O)\, t E N, . It is worthwhile to observe 
that, if k > 2, the origin is actually exponentially stable for (17k). Such a 
phenomenon is not casual as we shall see in the following section. 
5. EXPONENTIAL STABILITY 
The following theorem generalizes the final remark of Example 3 to certain 
multivalued difference equations with homogeneous right member F E x. 
THEOREM 5. LetF E x. Suppose that there exist E > 0 andL > 1 such that, 
for any solution y(t) of 
4@) Wy(t - 1)) + 4 r(t - l)l>, (18) 
withy(0)EEn,wehuveIy(t)l <LIy(O)[,t~N,.LetO<a<e.Thenthere 
exists a constunt p, 1 < p < 1 + (C - u) L-l, such that every solution x(t) of 
Ax(t) EF(x(t - 1)) + uB(I x(t - l)]), (1% 
with x(0) E En, satisfies 
I Ml < L I ml P-t, tEN,. (20) 
Proof. Let y(t) be any solution of (18). S ince this equation is autonomous, 
for any fixed s E N, , x(t) = y(t + s), t E N,, , is solution of the same equation, 
with x(O) = y(s). Therefore, 
I YWI <L I Ye - l>l, tENI. (21) 
Let x(t) be any solution of (19), with x(0) E En, such that x(t) # 0 for all 
t E N,, . Define y(t) = x(t) $ where 1 < p Q 1 + (c - 0) L-l. We want to 
show that y(t) is solution of (18). To this end we must prove that 
x(t) pt - x(t - 1) pt-l EF(x(t - 1) ,&l) + @I x(t - 1)1 #-I), 
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which, since F and B are homogeneous and p # 0, is equivalent to 
px(t) E x(t - 1) + F(x(t - 1)) + &(I x(t - 1)1) + (6 - u) B(I x(t - l)l). 
(22) 
If we prove that, for any t E Nr , 
PM E $9 + (c - 0) @I x(t - l)l), (23) 
then (22) will be true, because x(t) is by hypothesis a solution of (19). Let us 
prove (23). Since x(t) # 0, t E N, , (23) is equivalent to 
p < 1 + (c - 4 I x(t - 1)1/l #I. (24) 
But x(t), as solution of (19), is a fortiori solution of (18), and, therefore, by 
virtue of (21) and the definition of p, we find 
p < 1 + (e - +-l < 1 + (e - 4 I x(t - 1)1/l Ml, tENI. 
This completes the proof that y(t) is solution of (18). Then, from 
1 y(t)1 <L I r(O)] and the definition of y(t), (20) follows. Now assume that 
the solution x(t) of (19) is such that x(s) = 0 for some s E N,, . Let 
s,, = min{s EN,: x(s) = O}. 
Since F(0) + B(0) = (0}, we have x(t) = 0 for all t EN+, and, for these 
values of t, (20) is certainly satisfied. By the same argument as before, (20) is 
also true for all s = 0, I,..., s,, - 1 because, for such values of s, x(s) # 0. 
This completes the proof of the theorem. 
The following theorem shows that, if the origin is globally attractive for (M), 
then it is exponentially stable for suitable equations approximating (M), in 
particular for (M) itself. 
THEOREM 6. Let FE x and assume that all solutions x(t) of (M), with 
x(0) E En, approach zero as t + co. Then there exist E > 0 and L > 1 such 
that, for any solution x(t) of 
Ax(t) EF(x(t - 1)) + u&I x(t - l)j), O<UbE, 
with x(0) E En, we hawe 
I 4t>l G L I WI P-t, te%, 
where p is a constant satisfying 1 < p < 1 + (C - u) L-l. 
(25) 
Proof. For any k E Nl , define 
F&J = F(x) + k-lBtB(I x I), XEE”. 
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Then, from Theorem 4, there exist a k E Nr and L > 1 such that, for any 
solution x(t) of (Mk) with x(0) E En, we have 1 x(t)1 < L 1 x(O)1 for all t E Ns . 
Taking E = K-r and applying Theorem 5 we get the desired result. 
COROLLARY 7. Let FE x. Then, for the equation (M), ;f the origin is 
globally attractive, it is globally expommtially stable. Moreover, there exist 
constants L > 1 and p > 1 such that, if Q E K”, the set of attainability 
R(t, 0, Q) of (23, in partzkular of (M), satisfies the inequality 
II W 0, Q>II < L II Q II P-~, teN,. 
Proof. Taking a = 0 in Theorem 6 we have the first statement; the 
second one is obvious. 
COROLLARY 8. Let f: En -+ Em be continuous and homogemous. Then, for 
the equation (S), ;f the origin is globally attractive, it is globally exponentially 
stable. 
COROLLARY 9. Suppose that all solutions x(t) of(M), where x(0) E E* and 
FE x, approach zero as t 4 00. Then there exist constants l > 0, L > 1 and 
p > 1 such that, if G E @ is a perturbation satisfying the inequality 
II Wll < u I x I, XEE~, O<U<E, 
any solution x(t) of 
Ax(t) GF(x(t - 1)) + G(x(t - l)), (26) 
with x(0) E En, satisfies I x(t)1 < L I x(O)1 P-~, t E N,, . 
Proof. From Theorem 6 any solution x(t) of (25) satisfies I x(t)1 < 
L 1 x(O)1 P-~, t EN, . This in particular will be true for any solution of (26) 
with initial value in E”, since G(x) C &(I x I). 
The folbwing result is the nonlinear anabgue of Theorem 6. In the 
conclusion the exponential stability is only local. 
THEOREM 7. Suppose that 
(i) every solution x(t) of(M), h w ere x(0) E E” andF E x, approaches zero 
ast+cO; 
(ii) G E Q, is such that 
II WI/l x I --f 0 as IxI-+O. 
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Then there exist constants 6 > 0, L > 1 and p > 1 such that every solution x(t) 
of 
Ax(t) eF(x(t - 1)) + G(x(t - l)), 
with 1 x(O)1 < 6, satisfies 
(27) 
I 491 d L I x(O)1 P-$9 tGN,. (28) 
Proof. The hypotheses of Theorem 6 are fulfilled. Therefore, there exist 
E > 0 and L > 1 such that, if 0 < u < c, for every solution x(t) of (25) with 
x(0) E En, (28) is true, where 1 < p < 1 + (c - u) L-l. Because of (ii) there 
exists a 6, > 0, such that 
WC+I x I) for all x E B(S,). (29) 
Set 6 = S&-l. We shall show that, for any solution x(t) of (27), 
if x(0) E B(S), we have x(t) E II&), for all t E N,, . (30) 
It is obvious that x(0) E B(S,), since 6 < S, . Now assume x(t - 1) E B(i3,). 
From (29), 
Ax(t) EF(x(t - 1)) + G(x(t - 1)) CF(x(t - 1)) + uB(I x(t - 1)1). 
Then, if we denote by y(t) any solution of (25) such that y(s) = x(s), 
s = 0, l,..., t - 1, and we apply to such y(t) the inequality (28), we find in 
particular 
I 4)l < L I 4OI P-t < &I , 
since p > 1 and 1 x(O)1 < 8&-l. So any solution x(t) of (27) with x(0) E B(S) 
remains in the ball B(8,) for all t E Ns and, from (29), 
G(x(t - 1)) C &(I x(t - l)]), for all t E Nr . 
Using this inequality in (27) we finally find that x(t) is also solution of (25). 
This fact gives the desired inequality (28) and completes the proof. 
COROLLARY 10. Suppose that the origin is globally attractive for (M), where 
FE x, and let the perturbation G sati.& hypothesis (ii) of Theorem 7. Then the 
origin is exponentially stable for (27). Moreover, there exist constants 8 > 0, 
L $ 1 and p > 1 such that fur any Q E K”, Q C B(S), the set of attainability 
R(t, 0, Q) of (27) satisfies 
II W> 0, QII < L II Q II P-~, tEN,. 
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COROLLARY 11. Let fi En --f En be continuous and homogeneous. Let every 
solution x(t) of (S), with x(0) E Em, approach zero as t -+ co. Let g: En + En 
be continuous and such that 
Then there exist constants 8 > 0, L 2 1 andp > 1 such that any solution x(t) of 
Qt) = f (20 - 1)) + g(x(t - l)), 
with 1 x(O)1 < 6, satisfies 1 x(t)1 < L 1 x(O)\ pet, t E IV,, . 
EXAMPLE 4. Consider the multivalued difference equation in E2 
Ax,(t) E [-x1(t - I) + &“(t - 1) + q2(t - l)Y2> 
-x1(t - 1) + &(x12(t - 1) + xss(t - W’s], (31) 
Ax,(t) G [-x1(t - l), -x& - 1) + I qt - 1Wl. 
It is easy to see that the origin is globally attractive for (31). In fact, let 
(xl(t)> x,(t)) b e an Y 1 t so u ion of (31) with initial value in E2. This implies 
0 < x1(t) < ~(X12(t - 1) + xz2(t - 1)y2 < (I XI@ - 1)l + I X2@ - 1)1)/Z 
and, since 0 < x2(t) < I xl(t - 1)1/2, we have 
I dt)l G I Xdt - w2 + i dt - w4. 
But for any t E iV1 , xl(t) > 0, x2(t) > 0. So if t E Ns the last inequality is 
equivalent to 
0 < x1(t) < 4x& - 1) + ix& - 2). 
On the other hand, 0 < x1(t) < y(t) where Y(t), ~(1) = xi(l), Y(2) = x1(2), 
is solution of 
4y(t) - 2y(t - 1) - y(t - 2) = 0. 
Since this equation has characteristic roots in the open unit disk, y(t) -+ 0 as 
t -+ cc (see Vidal [lo]). So xl(t) -+ 0 as t + co, and, consequently, x8(t) -+ 0 
as t + co. The second member of (31) is in the class x and therefore 
hypothesis (i) of Theorem 7 is satisfied. 
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